The Hamilton-Waterloo problem asks for a 2-factorization of K v (for v odd) or K v minus a 1-factor (for v even) into C m -factors and C n -factors. We completely solve the Hamilton-Waterloo problem in the case of C 3 -factors and C n -factors for n = 4, 5, 7.
Introduction
In this paper, the vertex set and the edge set of a graph H will be denoted by V (H) and E(H), respectively. We denote the cycle of length k by C k , the complete graph on v vertices by K v , and the complete u-partite graph with u parts of size g by K u [g] . A factor of a graph H is a spanning subgraph of H. Suppose G is a subgraph of a graph H, a G-factor of H is a set of edge-disjoint subgraphs of H, each isomorphic to G. And a G-factorization of H is a set of edge-disjoint G-factors of H. Many authors [2, 4, 15, 16, 18, 19, 25, 26] have contributed to prove the following result. Theorem 1.1. There exists a C k -factorization of K u [g] if and only if g(u − 1) ≡ 0 (mod 2), gu ≡ 0 (mod k), k is even when u = 2, and (k, u, g) ∈ {(3, 3, 2), (3, 6, 2) , (3, 3, 6) , (6, 2, 6) }.
An r-factor is a factor which is r-regular. It's obvious that a 2-factor consists of a collection of disjoint cycles. A 2-factorization of a graph H is a partition of E(H) into 2-factors. The well-known Hamilton-Waterloo problem is the problem of determining whether K v (for v odd) or K v minus a 1-factor (for v even) has a 2-factorization in which there are exactly α C m -factors and β C n -factors. For brevity, we generalize this problem to a general graph H, and use HW(H; m, n, α, β) to denote a 2-factorization of H in which there are exactly α C mfactors and β C n -factors. So when H = K v (for v odd) or K v minus a 1-factor (for v even), (24, 5, 6) , (24, 9, 2) , (48, 17, 6) . (21, 4, 6) , (21, 6, 4) .
Combining the known results in Theorems 1.2-1.4, we will prove the following main result. 
Constructions
Let Γ be a finite additive group and let S be a subset of Γ\{0} such that the opposite of every element of S also belongs to S. The Cayley graph over Γ with connection set S, denoted by Cay(Γ, S), is the graph with vertex set Γ and edge set E(Cay(Γ, S)) = {(a, b)|a, b ∈ Γ, a− b ∈ S}. It is quite obvious that Cay(Γ, S) = Cay(Γ, ±S).
Lemma 2.1. Let n ≥ 3. If a ∈ Z n , the order of a is greater than 3 and (i, m) = 1, then there is a C m -factorization of Cay(Z n × Z m , ±{0, a, 2a} × {±i}).
Proof: Since the order of a is greater than 3, we have |{0, a, −a, 2a, −2a}| = 5. Let C j = ((a j0 , b j0 ) = (0, 0), (a j1 , b j1 ), · · · , (a j,m−1 , b j,m−1 )), 1 ≤ j ≤ 5, where a 11 = a, a 21 = 0, a 31 = 2a, a 41 = −a, a 51 = −2a, a 12 = 2a, a 22 = −2a, a 32 = a, a 42 = −a, a 52 = 0, a jt = a j,(t−2) , t ≥ 3, b jt = ti (mod m), 1 ≤ t ≤ m − 1.
Since (i, m) = 1, we know that b jt , 0 ≤ t ≤ m − 1, are all different modulo m. Then each C j will generate a C m -factor by (+1 (mod n), −). Thus we can obtain the required 5 C m -factors which form a C m -factorization of Cay(Z n × Z m , ±{0, a, 2a} × {±i}).
Lemma 2.2. Let n ≥ 3. If a ∈ Z n , the order of a is greater than 2 and (i, m) = 1, then there is a C m -factorization of Cay(Z n × Z m , ±{0, a} × {±i}).
Proof: Because the order of a is greater than 2, we have |{0, a, −a}| = 3. Let C j = ((a j0 , b j0 ) = (0, 0), (a j1 , b j1 ), · · · , (a j,m−1 , b j,m−1 )), 1 ≤ j ≤ 3, where a 11 = a, a 21 = 0, a 31 = −a, a 12 = a, a 22 = −a, a 32 = 0, a jt = a j,(t−2) , t ≥ 3, b jt = ti (mod m), 1 ≤ t ≤ m − 1.
Since (i, m) = 1, we know that b jt , 0 ≤ t ≤ m − 1, are all different modulo m. Then each C j will generate a C m -factor by (+1 (mod n), −). Thus we can obtain the required 3 C m -factors which form a C m -factorization of Cay(Z n × Z m , ±{0, a} × {±i}).
For our recursive constructions, we need the definition of an incomplete Hamilton-Waterloo problem design. Suppose G is a subgraph of a graph H. A holey 2-factor of H−G is a 2-regular subgraph of H covering all vertices except those belonging to G. We will also frequently speak of a holey C k -factor to mean a holey 2-factor whose cycles all have length k. Let v − h ≡ 0 (mod 2). An incomplete Hamilton-Waterloo problem design on v vertices with a hole of size h, denoted by IHW(v, h; m, n, α, β, α ′ , β ′ ), is a cycle decomposition of 2) there are α C m -factors and β C n -factors of K v ; (3) there are α ′ holey C m -factors and β ′ holey C n -factors of K v − K h . We denote by IHWP(v, h; m, n) the set of (α, β, α ′ , β ′ ) for which an IHW(v, h; m, n, α, β, α ′ , β ′ ) exists. Proof: Let the vertex set be (Z 6 ×Z 5 )∪{∞ 14 i=0 }. A holey C 5 -factor is Cay(Z 6 ×Z 5 , {0}×{±2}). The required 15 C 3 -factors will be generated from three initial C 3 -factors P i (i = 1, 2, 3) by (−, +1 (mod 5)). For the required six holey C 3 -factors, five of which can be generated from an initial holey C 3 -factor Q by (−, +1 (mod 5)). The last holey C 3 -factor can be generated from two base cycles (0 0 , 3 4 , 2 0 ) and (1 1 , 5 1 , 4 2 ) by (−, +1 (mod 5)). The cycles of P i and Q are listed below. For next recursive construction, we still need the definition of a cycle frame. Let H be a graph
is said to be a cycle frame of type g u . Further, if all holey 2-factors of a cycle frame of type g u are C k -factors, then we denote the cycle frame by k-CF(g u ). It's obvious that there are exactly g 2 holey 2-factors with respect to each part. We use CF(g u ; m, n, α, β) with α + β = g 2 to denote a cycle frame of type g u in which there are exactly α holey C m -factors and β holey C n -factors with respect to each part. Now we use cycle frames and incomplete Hamilton-Waterloo problem designs to give the "Filling in Holes" construction.
If there exist a CF(g u ; m, n, α, β), an IHW(g + h, h; m, n, α, β, α ′ , β ′ ) and an HW(g + h; m, n, α + α ′ , β + β ′ ), then an HW(gu + h; m, n, αu + α ′ , βu + β ′ ) exists.
Proof: We start with a CF(g u ; m, n, α, β), for each part G i , 1 ≤ i ≤ u, denote its α holey C m -factors by P ij (1 ≤ j ≤ α), and denote its β holey C n -factors by Q ij (1 ≤ j ≤ β).
For each i(1 ≤ i ≤ u−1), place a copy of an IHW(g +h, h; m, n, α, β, α ′ , β ′ ) on the vertices of the part G i and h new common vertices(take the subgraph on these h vertices as the hole), whose α C m -factors and β C n -factors are denoted by
, then g + h ≡ 0 (mod 2)(note that the existence of a CF(g u ) requires g ≡ 0 (mod 2)). Then according to the definition of an IHW, there is a 1-factor I i of the subgraph on the vertices from G i .
Place on the vertices of the part G u and these h common vertices a copy of an HW(g + h; m, n, α
, there is a 1-factor I u .
Let
Then both S ij and S u,j+α are C m -factors, F ij and F u,j+β are C n -factors on the whole vertex set, and they form an HW(gu + h; m, n, αu + α ′ , βu + β ′ ). Note that if h ≡ 0 (mod 2), I = ∪ u i=1 I i is a 1-factor on the whole vertex set. For the next recursive construction, we need more notations. When g(u−1) ≡ 1 (mod 2), by Theorem 1.1 it is easy to see that an HW(K u [g]; m, n, α, β) can not exist. In this case, by simple computation, we know that it is possible to partition E(K u [g]) into a 1-factor, α C m -factors and β C n -factors, where
⌋. For brevity, we still use HW(K u [g]; m, n, α, β) to denote such a decomposition. Proof: We start with an HW(K u [g]; m, n, α, β) whose α C m -factors are denoted by P j (1 ≤ j ≤ α), β C n -factors are denoted by Q j (1 ≤ j ≤ β), and a 1-factor(when g(u − 1) ≡ 1 (mod 2)) is denoted by I.
For each i(1 ≤ i ≤ u), place a copy of an HW(g; m, n, α ′ , β ′ ) on the vertices of the part G i whose α ′ C m -factors and β ′ C n -factors are denoted by P ′ ij (1 ≤ j ≤ α ′ ) and Q ′ ij (1 ≤ j ≤ β ′ ) respectively, and a 1-factor is denoted by
Then S j is a C m -factor and F j is a C n -factor of the required HW(gu; m, n, α + α ′ , β + β ′ ). So we have obtained α + α ′ C m -factors and β + β ′ C n -factors. At last, u i=1 I i is a 1-factor if g ≡ 0 (mod 2) and I is a 1-factor if g ≡ 1 (mod 2) and u ≡ 0 (mod 2).
For the next construction, we need the definition of lexicographic product of two graphs. Given a graph G, G[n] is the lexicographic product of G with the empty graph on n points. Specifically, the vertex set is {x i : x ∈ V (G), i ∈ Z n } and x i y j ∈ E(G[n]) if and only if xy ∈ E(G), i, j ∈ Z n . In the following we will denote by C m [n] the lexicographic product of C m with the empty graph on n points. 
3 HWP(v; 3, 4)
In this section, we will give three direct constructions and complete the spectrum for an HW(v; 3, 4, α, β). Proof: Let the vertex set be Γ = Z 8 ×Z 3 , and the 1-factor be Cay(Γ, {4}×{0}). For the 9 C 3 -factors, let
It's easy to see that F is a C 3 -factor since all these 4 elements having the same subscript in Q are different modulo 4. Then F, F +4 1 , F +0 2 are 3 C 3 -factors. The other 6 C 3 -factors can be generated from an initial
The required two C 4 -factors can be generated from two base 4-cycles (0 0 , 2 1 , 5 0 , 3 2 ) and (0 0 , 5 1 , 6 1 , 3 1 ) by (+4 (mod 8), +1 (mod 3)) since the first coordinate of the four elements in each cycle are different modulo 4. Proof: Let Γ = Z 8 ×Z 3 . Firstly, we construct an HW(K 3 [8] ; 3, 4, 5, 3) with three parts Z 8 ×{i}, i ∈ Z 3 . The required 5 C 3 -factors come from a C 3 -factorization of Cay(Γ, ±{0, 1, 2} × {±1}) by Lemma 2.1. The required three C 4 -factors will be generated from an initial Proof: Let the vertex set be Γ = Z 16 × Z 3 , and the 1-factor be Cay(Γ, {8} × {0}). The required 5 of 17 C 3 -factors come from a C 3 -factorization of Cay(Γ, ±{0, 1, 2} × {±1}) by Lemma 2.1. The other 12 C 3 -factors can be generated from an initial C 3 -factor P by (+4 (mod 16), +1 (mod 3)). For the required 6 C 4 -factors, start with a cycle set Q in which all these 8 elements having the same subscript are different modulo 8. Let 
HWP(v; 3, 5)
In this section, we shall solve the left infinite class in [1] for the existence of an HW(v; 3, 5, α, β) when v ≡ 15 (mod 30). Then we continue to consider the existence of an HW(v; 3, 5, α, β) when v ≡ 0 (mod 30). Proof: Let the vertex set be Γ = Z 9 × Z 5 . The required C 5 -factor is Cay(Γ, {0} × {±1}). For the required 21 C 3 -factors, 15 of which will be generated from an initial C 3 -factor P by (+3 (mod 9), +1 (mod 5)). Each cycle in Q will generate a C 3 -factor by (+3 (mod 9), +1 (mod 5)) since the 3 elements in the first coordinate are different modulo 3. Thus we have obtained the last 6 C 3 -factors. The cycles of P and Q are listed below. Proof: Let v = 3u and the vertex set be Γ = Z u ×Z 3 . The required C 5 -factor is Cay(Γ, {±10}× {0}) when v = 75 or Cay(Γ, {±7} × {0}) when v = 105.
For the required
C 3 -factors, u of which will be generated from an initial C 3 -factor P by (+1 (mod u), −). The other u−3 2 C 3 -factors will be obtained form u−3 2 3-cycles in Q. Each cycle of Q will generate a C 3 -factor by (+1 (mod u), −) since the first coordinate of those 3 elements of the cycle are different modulo 3. The cycles of P and Q for each v are listed below. Proof: Let the vertex set be Γ = Z 10 × Z 3 and the 1-factor be Cay(Γ, {5} × {0}). For (α, β) = (10, 4), we get the conclusion by using Construction 2.6 with an HW(10; 3, 5, 0, 4) and an HW(K 3 [10] ; 3, 5, 10, 0) from Theorem 1.1. For all the other cases, the methods of generating the required α C 3 -factors and β C 5 -factors are listed in Table 1 . For C 3 -factors, here are three methods. (1) From a C 3 -factorization of certain Cayley graphs; (2) From several initial C 3 -factors P i s by (−, +1 (mod 3)) or (+2 (mod 10), −); (3) From several cycle sets Q i s by (+2 (mod 10), −), note that each Q i will generate a C 3 -factor by (+2 (mod 10), −), since the two elements having the same subscript in Q i have different parity. For C 5 -factors, only the first two methods are applied, and the initial C 5 -factors are denoted by P ′ i in Table  1 . For the sake of brevity, we list the cycles of P i , P ′ i and Q i in Appendix A. Proof: Let the vertex set be Z 15 × Z 4 , and the four parts of K 4 [15] be Z 15 × {i}, i ∈ Z 4 . The α C 3 -factors will be obtained from α 3-cycles from a cycle set T by (+3 (mod 15), +1 (mod 4)). Note that the first coordinate of the 3 elements in each cycle from T are different modulo 3, so each cycle of T will generate a C 3 -factor by (+3 (mod 15), +1 (mod 4)). 
5: Lemma 2.1 with a = i = 1 9: P ′ 1 ,P ′ 2 ,P ′ 3 (−, +1 (mod 3)) 6: P ′ 1 ,P ′ 2 (−, +1 (mod 3)) (6, 8) 6: P 1 ,P 2 (−, +1 (mod 3)) 1: Cay(Γ, {±2} × {0}) 1: Cay(Γ, {±4} × {0}) (7, 7)
6: P 1 ,P 2 (−, +1 (mod 3)) 6:
6: P 1 ,P 2 (−, +1 (mod 3)) 3: P ′ 1 (−, +1 (mod 3)) 5: Lemma 2.1 with a = i = 1 (12, 2) 10:
10:
For β C 5 -factors, ten of them will be obtained from two cycle sets Q ′ 1 and Q ′ 2 . Here For all the other cases, let the vertex set be Γ = Z 15 ×Z 4 and the 1-factor be Cay(Γ, {0}× {2}), the methods of generating the required α C 3 -factors and β C 5 -factors are given in Table  2 . For generating C 3 -factors, here are five methods. (1) From a C 3 -factorization of certain Cayley graphs; (2) From an initial C 3 -factor P by (+1 (mod 15), −); (3) From several cycle sets Q i s, note that {Q i + (3j + k) 0 | j = 0, 1, · · · , 4} is a C 3 -factor for k = 0, 1, 2 since these 3 elements having the same subscript in Q i are different modulo 3; (4) From a cycle in T by (+1 (mod 15), +1 (mod 4)). A C 3 -factor F can be obtained from the cycle in T by (+3 (mod 15), +1 (mod 4)). Then three C 3 -factors can be generated from F by (+i (mod 15), −), i = 0, 1, 2; (5) From a cycle set S by (+3 (mod 15), +1 (mod 4) ). Note that the first coordinate of the 3 elements in each cycle from S are different modulo 3, so each cycle of S will generate a C 3 -factor by (+3 (mod 15), +1 (mod 4) ).
For C 5 -factors, three methods are applied.
(1) From a C 5 -factorization of certain Cayley graphs; (2) From a cycle set Q ′ , where {Q ′ + (5j + k) 0 | j = 0, 1, 2} is a C 5 -factor for k = 0, 1, · · · , 4 since these 5 elements having the same subscript in Q ′ are different modulo 5; (3) From a cycle set T ′ by (+5 (mod 15), +1 (mod 4) ). The cycles of P , Q i , Q ′ , S, T and T ′ are given in Appendix C. 
HWP(v; 3, 7)
In this section, we shall solve the three left cases in [22] for the existence of an HW(v; 3, 7, α, β) when v ≡ 21 (mod 42). Then we continue to consider the case v ≡ 0 (mod 42). Proof: Let the vertex set be Γ = Z 7 × Z 3 . For α = 2, the required two C 3 -factors can be generated from two base cycles (0 0 , 1 1 , 2 2 ) and (0 0 , 4 1 , 1 2 ) by (+1 (mod 7), −). Seven of the required C 7 -factors can be obtained from an initial mod 7) , −). The last C 7 -factor is Cay(Γ, {±3} × {0}).
For α = 4, a C 3 -factor is Cay(Γ, {0} × {±1}), and the other 3 C 3 -factors can be generated from an initial C 3 -factor P by (−, +1 (mod 3)). All C 7 -factors can be generated from two initial C 7 -factors Q 1 and Q 2 by (−, +1 (mod 3)). P , Q 1 and Q 2 are listed below. For α = 6, All C 3 -factors can be generated from two initial C 3 -factors P 1 and P 2 by (−, +1 (mod 3)). Three C 7 -factors can be generated from an initial C 7 -factor Q by (−, +1 (mod 3)). The last C 7 -factor is Cay(Γ, {±3} × {0}). P 1 , P 2 and Q are listed below. Proof: For (α, β) = (14, 6), we get the conclusion by using Construction 2.6 with an HW(14; 3, 7, 0, 6) and an HW(K 3 [14] ; 3, 7, 14, 0) from Theorem 1.1.
For all the other cases, let the vertex set be Γ = Z 14 ×Z 3 and the 1-factor be Cay(Γ, {7}× {0}). The methods of generating the required α C 3 -factors and β C 7 -factors are listed in the following table. 3: 5, 15) 5: Lemma 2.1 with a = 2 and i = 1 1:
, +1 (mod 3)) (6, 14) 6: P 1 (+7 (mod 14), +1 (mod 3)) 1: Cay(Γ, {±2} × {0}) 1: Cay(Γ, {±4} × {0}) (7, 13) 6: P 1 (+7 (mod 14), +1 (mod 3)) 12: Here are five methods to get C 3 -factors. (1) From C 3 -factorization of certain Cayley graphs; (2) From several initial C 3 -factors P i s by (+7 (mod 14), +1 (mod 3)) or (+1 (mod 14), −); (3) From several cycle sets Q i s each of which can generate a C 3 -factor by (+2 (mod 14), −) since the two elements having the same subscript in Q i have different parity; (4) From a cycle set T , each cycle of which can generate a C 3 -factor F by (+1 (mod 14), −) , then 3 C 3 -factors can be generated from F by (−, +1 (mod 3)); (5) From a partial C 3 -factor S, each cycle of S will generate a C 3 -factor by (+1 (mod 14), −) .
For C 7 -factors, we have the following four methods. (1) From C 7 -factorization of certain Cayley graphs; (2) From several initial C 7 -factors P ′ i s by (+7 (mod 14), +1 (mod 3)) or (+2 (mod 14), −); (3) From a cycle set Q ′ , since these 7 elements having the same subscript in Q ′ are different modulo 7, so Q ′ can generate a C 7 -factor F by (+7 (mod 14), −), then 3 C 7 -factors can be generated from F by (−, +1 (mod 3)); (4) From a cycle set T ′ , each cycle of which will generate a C 7 -factor by (+7 (mod 14), +1 (mod 3)).
The cycles of
Lemma 5.3. For any (α, β) ∈ {(0, 31), (9, 22) , (18, 13) , (24, 7)}, (α, β) ∈ HWP(K 4 [21] ; 3, 7).
Proof: Let the vertex set be Z 21 × Z 4 , and the four parts of K 4 [21] be Z 21 × {i}, i ∈ Z 4 . For any α > 0, the required α C 3 -factors are
For C 7 -factors, some of them will be obtained from several cycle sets Q ′ i . Here {Q ′ i + (7j + k) 0 |j = 0, 1, 2} is a C 7 -factor for any k = 0, 1, · · · , 6 since these 7 elements having the same subscript in Q ′ i are different modulo 7. The other C 7 -factors will be obtained from a cycle set T ′ by (+7 (mod 21), +1 (mod 4)), since the first coordinate of the 7 elements in each cycle from T ′ are different modulo 7. For the sake of brevity, we list the 1-factor I and the cycles of Q i , Q ′ i and T ′ in Appendix E. Table 4 . For generating C 3 -factors, here are four methods.
(1) From a C 3 -factorization of certain Cayley graphs; (2) From an initial C 3 -factor P by (+1 (mod 21), −); (3) From several cycle sets Q i s, note that {Q i + (3j + k) 0 |j = 0, 1, · · · , 6} is a C 3 -factor for any k = 0, 1, 2 since these 3 elements having the same subscript in Q i are different modulo 3; (4) From a cycle set T by (+3 (mod 21), +1 (mod 4)), where the first coordinate of the 3 elements in each cycle from T are different modulo 3, so each cycle of T will generate a C 3 -factor by (+3 (mod 21), +1 (mod 4)). The required C 7 -factors are given from a C 7 -factorization of certain Cayley graphs or from a cycle set T ′ by (+7 (mod 21), +1 (mod 4) ). The cycles of P , Q i , T and T ′ are given in Appendix F. (α, β) C 3 -factor C 7 -factor 1-factor (36, 5) 21:
12:
18:
Proof: Let v = 42u, u ≥ 1. For u ≤ 2, the conclusion comes from Lemmas 5.2 and 5.4.
For u = 3, start with an HW(K 3 [3] ; 3, 7, 3, 0), an HW(C 3 [14] ; 3, 7, 14, 0) and an HW(C 3 [14] ; 3, 7, 0, 14) from Theorem 1.1, apply Construction 2.7 with s = 14 and t i ∈ {0, 14} to get an HW(K 3 [42]; 3, 7,
Further, applying Construction 2.6 with an HW(42; 3, 7, α ′ , 20 − α ′ ), 0 ≤ α ′ ≤ 20, from Lemma 5.2 to obtain an HW(126; 3, 7,
Thus we have obtained an HW(126; 3, 7, α, β) for any α + β = 62 since 3 i=1 t i + α ′ can cover the integers from 0 to 62. For u ≥ 4, similarly, start with an HW(K u [6] ; 3, 7, 3u − 3, 0), an HW(C 3 [7] ; 3, 7, 7, 0) and an HW(C 3 [7] ; 3, 7, 0, 7) from Theorem 1.1, and apply Construction 2.7 with s = 7 and t i ∈ {0, 7} to get an HW(K u [42]; 3, 7,
Further, applying Construction 2.6 with an HW(42; 3, 7, α ′ , 20 − α ′ ), 0 ≤ α ′ ≤ 20, from Lemma 5.2, we can obtain an HW(42u; 3, 7, 01, 20, 42, 12, 31) (52, 60, 71, 82, 90) (50, 72, 91, 61, 80)  (00, 11, 22, 30, 51) (41, 02, 62, 10, 70) (21, 81, 32 T (00, 11, 52) 
